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A B S T R A C T

The u-p form of dynamic consolidation equation provides a convenient approach to get insights into lots of low
frequency practical engineering problems. Since the coupling of the dynamic consolidation equation, the existing
numerical methods are generally full-implicit or staggered implicit which are always time-consuming. As a
motivation to give a fast numerical algorithm for multi-field coupling problems, we construct a symmetrized
splitting method in this paper to solve the u-p dynamic consolidation equations and lead to a second-order
explicit scheme. To eliminate the reflection of the artificial boundary waves, we have derived the flow conditions
of the artificial visco-spring boundary (VSB) for semi-infinite 3D saturated foundations, and presented principle
for virtual displacements of the dynamic consolidation problem with artificial VSBs. Furthermore, we take the
VSB condition of the fluid-solid two-phase saturated medium into consideration, to simulate the dynamic re-
sponse process of saturated porous semi-infinite foundation system. The high computational efficiency and
stability of the proposed method are verified by the numerical experiments.

1. Introduction

Saturated soil, a typical two-phase porous medium composed of
pore fluid (pore water) and soil skeleton, is commonly referred to as a
saturated porous medium. The relationship between pore pressure
dissipation and soil skeleton deformation can be accurately described
by Biot's consolidation theory [1]. Denote by u the solid skeleton dis-
placement, U the fluid displacement, w the relative fluid displacement,
and p the pore pressure in the fluid. By the Biot's consolidation theory,
different consolidation problems come down to the u-U, u-w or u-p
forms of equations [2–4]. The u-p form of dynamic consolidation
equation shows valid for most low frequency engineering problems [2].
Therefore, it is often used as a standard approach when solving con-
solidation equations numerically. The soil skeleton displacement u and
the pore water pressure p are the essential physical variables of soil
liquefaction problem and can be directly obtained by solving the u-p
form of consolidation equations.

Traditionally, the coupling dynamic responses of the solid and

liquid phases in a saturated two-phase medium is solved by treating the
entire system as a computational entity and all field state variables are
simultaneously advanced in time (direct time integration procedures)
[5]. Although the matrices on the diagonals in the spatial semi-discrete
systems of the u-p equations are symmetric, the overall matrices are not.
Since the simultaneous implicit procedures involve unacceptable com-
putational costs, the staggered solution procedures came into being. In
such procedures, the solution state of the coupled system is advanced
by sequentially executing the subsystem analyzers [6]. Further, Park
[7] applied the matrix augmentation concept in a fluid-structure in-
teraction problem, and recommended a staggered implicit-implicit
procedure, which was further improved to unconditionally stable pro-
cedure by Zienkiewicz et al. [8,9]. For implicit simultaneous solution
procedure, enormous local bandwidths would appear in the resulting
coefficient matrices, and assembling and solving equations is required.
Although the staggered implicit procedure can sequentially decouple a
single physics, it also requires assembling and solving equations of each
subsystem, and its computational efficiency per time step is
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counteracted by the fact that satisfactory numerical stability properties
may be hard to achieve.

Moreover, no matter the simultaneous implicit procedures or the
staggered procedures, the so-called Babuška-Brezzi (BB) conditions
[10–13] need to be satisfied in the limit of nearly incompressible pore
fluid and small permeability, since the matrix coefficients of the (u, u)
subsystem would be much larger than that of the (p, p) subsystem in
such cases. The BB conditions pose severe restrictions on the use of
interpolation functions for u and p in the finite element discretization.
To avoid such restrictions, one could resort to mixed finite element
methods (higher order for u, lower order for p) for stress-displacement
formulations [14,15] or use time-stepping schemes to solve in-
compressible problems directly for steady state or iteratively through
the time domain [16–18]. These approaches sometimes complicate
coding and result in inconvenient forms or uneconomical small time
steps.

Taking into account both the computing efficiency and the stability
criteria, the practical feasibility of an approach mainly hinges upon the
performance of solving large-scale coupling problems and the stability
of the time integration procedure. In this paper, we seek the splitting
operator method for help, which can effectively avoid the dis-
advantages of the couple methodology and the restrictions of BB con-
ditions. That is our motivation to develop a high-performance and fully
explicit algorithm to solve the long-term consolidation problems of soil
foundation and soil liquefaction under earthquake.

The basic principle of the splitting operator method is to split the
original system into a set of simpler sub-systems and devise a strategy
that alternates between solving these sub-systems in certain sequence,
which is then approximate to the solution of full system to a certain
order of accuracy. Since the split divide the equations in parts that are
solved in different time steps, such methods are also called time split-
ting methods or fractional methods. For a more detailed review of
splitting methods one can refer [19].

The idea of splitting approach was first proposed by Trotter in the
1950s, who give an approximation of order one, named the Lie-Trotter
splitting, to the solution of ordinary differential problems. Such method
was first applied to partial differential systems [20]. Strang splitting
[21] is another famous and important splitting approach which was
introduced by Strang in 1963. This approach, also called the symme-
trized splitting operator method, can achieve second-order accuracy by
a symmetrized composition of the Lie-Trotter method and its adjoint
with halved step size. There are also efforts to construct higher order
splitting methods or design other two-order precision splitting methods,
such as the method of Yasuo [22]. However, most of them are not
widely used or might be only suitable for some fixed schemes. In the
past few decades, the splitting approaches have been successfully ap-
plied to solve complex partial differential equations and practical pro-
blems. Zeng et al. applied the splitting methods in solving the equations
of atmospheric motion [23,24], since the separability of the fast stage
and the slow and good time effects can be obtained. Among the splitting
approaches, the Strang splitting is one of the most used method. There
are lots of studies about its application, such as the convection-diffusion
problems [25], Navier-Stokes equations [26], the turbulence and in-
terface problems [27], Benjamin-Bona-Mahony type equations [28],
and the Vlasov-Maxwell (VM) system [29,30]. For some detailed
models and situations, the classic splitting scheme can not use directly
or may lose some good properties, such as the symmetrical character-
istic for the Strang splitting method. Thus there are also many re-
searches have been done to make modifications or construct improved
method [31,32]. As far as we known, the operator splitting methods has
not yet been used to solve the u-p form of dynamic consolidation
equation. Thus we seek the help of splitting algorithms here and de-
velop the symmetric splitting operator method (SSOM) for the dynamic
consolidation equations of saturated porous media.

Furthermore, the artificial boundary is considered in our research.
In the dynamic analysis of the finite element method, the semi-infinite

foundation is generally divided into the near-field foundation of the
adjacent structure and far-field foundation of its periphery. To correctly
describe the wave propagation at infinity, the radiation damping of
unbounded domain must be modeled accurately. In the past 40 years, a
lot of research effort has been contributed to the artificial boundary
[33–37]. At present, what is mainly applied is the artificial transmitting
boundary [33], viscous boundary [34], and viscous-spring boundary
(VSB) [35–37]. In recent years, the scaled boundary finite element
method (SBFEM) [38–40] has been applied to solve the problem of time
dependence in unbounded domains. But at present, SBFEM can only be
used to solve some simple 2D problems. The VSB is added with springs
on the basis of the viscous boundary, which absorb the wave energies
radiating to the artificial boundaries by means of setting simple me-
chanical models consisting of a series of linear springs and dampers in
order to eliminate reflection, and to simulate the elastic recovery cap-
ability of the foundation, as well as potentially effectively simulating
the true spread process of the waves in an infinite foundation. And VSB
is widely used because it is simple in expression and easy to apply to
complex conditions.

However, different from the artificial boundary of the single phrase
solid structure mentioned above, it is necessary to consider the dis-
placement boundary conditions on the artificial boundary of the satu-
rated soil, and also consider the diffusion of pore water pressure. Based
on the simplified Biot's equation, Modaressi et al. [41] proposed the
viscous boundary of the u-p form of the saturated medium dynamic
equation. Akiyoshi et al. [42] also investigated the viscous boundaries
of saturated media in the form of u-w and u-U. Liu and Song [43] putted
forward 2D VSBs of the saturated foundation based on a cylindrical
wave for the u-p form of 2D dynamic consolidation problem. However,
the artificial VSBs for the 3D problem are rarely investigated.

In this paper, we will present the flow conditions of the 3D artificial
VSB for the u-p equations of dynamic consolidation problem of satu-
rated porous semi-infinite foundation, and establish the unified virtual
displacement principle of 3D saturated medium dynamic consolidation
problem with artificial VSB. Combining SSOM with the VSB of a fluid-
solid two-phase saturated medium to absorb outgoing waves, we will
simulate the dynamic consolidation processes of saturated porous semi-
infinite foundation.

The rest of the article is organized as follows. In Section 2, the
construction of symmetrized splitting operator method for dynamic
consolidation equations is introduced. In Section 3, the numerical
analysis is executed to verify the split operator formats, the numerical
stability and the computational efficiency. Section 4 illustrates the
SSOM that introduces the VSB and its energy absorption effect. Finally,
Section 5 presents concluding remarks.

2. SSOM for dynamic consolidation equations

2.1. Dynamic consolidation equation and its boundary conditions

In case of medium-low frequency and seismic effect analysis, the
acceleration terms of fluid are neglected, the simplified dynamic con-
solidation equations [2] is given as

+ + =p u b¨ji j ij i i i, , (1a)

+ =k p
Q

p1 0f ii ii, (1b)

where =i j, 1,2,3, and the Einstein's summation convention is used,
which assumed that the compressive stress in saturated media is posi-
tive, and tensile stress is negative.

2.1.1. Definitions of the parameters

ij: the total stress of the saturated media, ij: the effective stress, p:
the pressure of pore fluid (water);
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ui : the displacement, üi: the acceleration, = +u u( )/2ij i j j i, , : the
strain, ii: the volumetric strain rate of the solid skeleton;

= +n n(1 ) s f : the density of saturated media, s, f : the
densities of the solid and fluid phases, respectively, bi: the accel-
eration of the mixture gravity;
kf : the dynamic permeability coefficient, w: the bulk density of
water, k: the permeability coefficient with the relationship

=k k/f w;
µ, : the Lame constant of the solid skeleton;

= K K1 /b s, = +Q n K n K1/[ / ( )/ ]f s : the related coefficients
of compressibility of solid and fluid, where K K,s f and = +K µ2 /3b
are the bulk modulus of solid particles, fluids and solid skeletons, re-
spectively.

In the effective stress analysis of saturated porous media dynamic
consolidation, there are four boundaries:

(1) Displacement boundary u: =u u0, =v v0
(2) Stress boundary = =p n T n T: ( ) ,ij ij j i ij j i
(3) Porous pressure boundary p: =p p0
(4) Flux boundary q: =q k p nn f i i,

Taking the inner product of equations (1a) and (1b) with the virtual
displacement ui and the pressure p respectively, system (1) then
comes to the following weak formulations under the above boundary
conditions:

+ + +

=

+ + =

u u d
u term

d T u d
u term

p d pn u d
p term

p pd
p term

k p p d q pd
p term

pd
u term

¨
¨

0

0

i i ij ij i i ii i i

Q f i i n ii
1

, ,

u p

q

(2)

After applying the finite element discretization to Eq. (2), we can
immediately obtain an ordinary differential equations with respect to
time:

+ + =
+ =

A B C
D E F

u u p
p p u
¨ 0

0 (3)

where A, B, C, D, E and F are coefficient matrices containing the discrete
terms of the boundary conditions, u u u p¨ , , and are the node vectors of
solid skeleton acceleration, velocity, displacement and pore water
pressure, respectively.

2.2. Splitting operator scheme for dynamic consolidation equations

This subsection is devoted to the construction of SSOM for the u-p
manner of the dynamic consolidation equation of the two-phase satu-
rated medium.

First, we introduce a new parameter v defined as =v u, which is
actually velocity vector. Thus, the second order ordinary differential
system, obtained by spatial discretization, can be rewritten as the fol-
lowing first order system.

=
=
= +

A B A C
D E D F

u v
v u p
p p v

,
,
.

1 1

1 1 (4)

According to the principle of the splitting algorithm, the vector field
of system (4) can be decomposed into three sub-systems of variable u, v
and p, which can be explicitly and separately calculated.

(1) The subsystem associated with the displacement u is equivalent to

=
=
=

t A B
u
v u
p

( ):
0,

,
0.

u 1

(5a)

The exact update mapping of the subsystem t( )u with step size t
is

+ =
+ =
+ =

t t t
t t t tA B t
t t t

u u
v v u
p p

( ) ( )
( ) ( ) ( )
( ) ( )

1

(5b)

(2) The subsystem associated with the velocity v is equivalent to

=
=
=

t
D F

u v
v
p v

( ):
,

0,
.

v

1 (6a)

The exact mapping update of the subsystem t( )v with step size t
is

+ = +
+ =
+ = +

t t t t t
t t t
t t t tD F t

u u v
v v
p p v

( ) ( ) ( ),
( ) ( ),
( ) ( ) ( ).1 (6b)

(3) The subsystem associated with the pore water pressure p is
equivalent to

=
=
=

t A C
D E

u
v p
p p

( ):
0,

,
.

p 1

1 (7a)

The exact mapping update of the subsystem t( )p with step size t
is

+ =
+ =
+ =

t t t
t t t tA C t
t t t tD E t

u u
v v p
p p p

( ) ( ),
( ) ( ) ( ),
( ) ( ) ( ).

1

1 (7b)

By using the technique of composition method, the first-order
methods (5b), (6b), (7b) with halved time step sizes and their adjoint
methods can be composed to get a symmetric second order scheme, i.e.
the symmetrized splitting operator method (SSOM):

= ° ° ° °t t t t t t( ) ( /2) ( /2) ( ) ( /2) ( /2)u v p v u
1 2 3 4 5 (8)

Finally, the displacement u and pore water pressure p of the satu-
rated medium can be obtained by solving the full-discrete system (8).

The decomposed steps of SSOM can be depicted in Fig. 1.

3. Numerical analysis verification for SSOM

3.1. Numerical example of dynamic consolidation of a saturated soil
column

To verify the effectiveness and practicability of splitting operator
scheme, a numerical model of the dynamic consolidation is shown in
Fig. 2. Here the dynamic responses under sudden loading are executed.

The origin of coordinate system is located in the left corner of the
bottom surface of the model. The cube is 3 m × 3 m × 30 m, and the
surface load is applied to the upper surface which is water-permeable
and the normal displacement free; the surrounding and bottom surfaces
are impermeable, and the normal displacements are constrained. For
comparative analysis, the material parameters are listed in Table 1,
which are consistent with those of Zienkiewicz et al. [2,8]. The finite
element mesh is regular hexahedron with a size of 3 m × 3 m × 3 m.

The load time history is shown in Fig. 2(b) whose peak value is
1 kPa. The initial pore pressure is equal to 1 kPa, while initial velocity
and initial displacement are assumed to be zero. Take the time step
DT = 0.004s, and the calculation lasts for 30s.
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The calculated time history curves of the pore water pressure and
the calculated displacement time histories at three different points A
(0,0,27), B (0,0,15), C (0,0,3) are selected, which are listed in Fig. 3.
The pressure of pore water time history indicated by the legends (a),
(b), and (c) is the (one-dimensional analytical solution) theoretical
curve [2]. The calculation results are indicated by the legends (A), (B)
and (C). As can be seen from Fig. 3(a), the calculated pore water
pressure curves are almost identical to the theoretical solution. At A
(0,0,27), B (0,0,15), and C (0,0,3) points, the calculated displacement
time histories are shown in Fig. 3(b), which are basically consistent
with that of one-dimensional numerical model, calculated by Zienkie-
wicz et al. [8]. This numerical analysis leads us to conclude that the
proposed SSOM is correct and valid.

3.2. Numerical stability of the symmetrized splitting operator method

The second order explicit scheme derived from SSOM avoids the
complex problem of solving the matrix inversion of the simultaneous
equations. Generally, explicit formation requires a smaller computer
memory, the programming is relatively simple, and the calculation
process is easy to implement. To achieve the stability, the calculation
time step must be less than the critical time step, determined by the
highest natural frequency of the system.

According to the element size, material and mechanical property
parameters, the propagation speeds of the compressive wave, and the
shear wave can be calculated as = =V m s V m464.4 / , and 85.75 /sp s , re-
spectively. Theoretically, the time interval is

= = =DT L Vt / 3.0/464.4 0.0065scr p . Based on the above calculation
and analysis, a series of stability analyses can be performed with ad-
ditional time intervals of 0.003s, 0.005s, 0.006s, 0.008s and 0.01s,

respectively. The calculations of first four time increment steps are
stable, but divergent at the time intervals of greater than 0.01s.
Although, 0.008s is slightly larger than the theoretical stability interval,
its calculation is still stable. The above analysis indicates that a simple
rough estimate of the stabilization time interval is still substantially
effective.

In the stable calculation, the pressure of pore water versus time
histories of the points C (0,0,3) and the displacement time histories of
the point A (0,0,27) are shown in Fig. 4(a) and 4(b), separately.

The relative errors between calculated values and Theoretical re-
ference values (Zienkiewicz et al. [8]) of the pore pressure and the
displacement at 30s by different time steps are shown in Table 2. Re-
sults and analyses of these Figures and Tables lead us to confirm that
the calculation results of different time increments are basically con-
sistent with the theoretical or reference curves, either the evolution of
pore water pressure or the change of displacement. It can be seen that
when the time interval DT takes 0.004 s, the calculation result of the

Fig. 1. Decomposition of vector in the splitting operator method.

Fig. 2. The dynamic consolidation of a saturated soil column:
(a) Finite element model; (b) Loading process.

Table 1
Material properties from numerical examples.

Material Parameters Symbol Value

Bulk modulus of solid Ks 100 GPa
Bulk modulus of pore fluid Kf 100 MPa
Density of pore fluid f k m10 g/3 3

Mass density of solid s × k m2 10 g/3 3

Porosity n 0.3
Poisson ratio v 0.2
Young modulus E 30.0 MPa
Permeability k k10 g/m2
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pore pressure is closer to the theoretical solution, the relative error is
10.13%, while the relative error of the vertical displacement is only
3.69%. Thus we chose DT = 0.004s in the following experiments after
comprehensive consideration.

To prepare for the next section to discuss computational efficiency
of SSOM, in Appendix I, we briefly introduce the construction of tra-
ditionally implicit scheme of the u-p system. The dynamic displacement
equation and the pore pressure diffusion equation are discretized in an
implicit format Eq. (A1.3) and solved simultaneously with a time in-
terval of 0.004s. The calculation results at Point A, Point B and Point C
by using the Implicit scheme (IM) can be seen in Fig. 5, which are
completely consistent with the results obtained by using SSOM.

3.3. Computational efficiency of SSOM

In this section, the good computational efficiency of our proposed
explicit method is verified through some numerical calculations. To
make comparison, an implicit approach Eq. (A1.3) is also used here to
solve the dynamic consolidation problem of the model shown in Fig. 6.
The model size is 48 m × 48 m × 24 m, where the upper part is a free
drainage surface, and the surface load is added on the area of
8 m × 8 m at the center of the upper surface. The surface loading his-
tory shown in Fig. 2 is still used. The bottom surface and the four sides
are set to be impervious and a normal displacement constraint is ap-
plied.

The minimum mesh size of finite element calculation is

2 m × 2 × m × 2 m for regular hexahedron, as shown in Fig. 6(b).
There are altogether 2601 nodes and 2048 hexahedron elements, 7803°
of freedom (DOFs) for the whole example concerned. The loading time
is taken as 15s. For SSOM, the time step DT

= = =( L/V 2.0/464.4 0.0043s, the critical time interval)cr p takes
0.004s. For IM, the multifrontal solver is used, and the time step is
taken as 0.004s, 0.006s and 0.008s, respectively. The computer is
configured as Intel(R) Core(TM) i7-5500U@2.4GHz, RAM 8.00 GB.

Table 3 shows the computing times of SSOM and IM with different
time steps. One can see that the calculation consuming time of implicit
computation is twice more than that of SSOM when DT = 0.004s. And
the time history curves of the pore water pressure and the displacement
time histories at the point A (0,0,22), B (0,20,22) and C (0,24,22) are all
compared in Fig. 7. The calculation results show that the pore water
pressure and the displacement by using SSOM and IM tend to be con-
sistent. Although by taking larger time interval, the time consuming of
IM can be significantly reduced, the oscillation amplitudes of the cal-
culated results would also increase. This situation would be quite severe
when DT takes more than 0.01s. Considering both the calculating time
and computational accuracy, SSOM could be a better choice than IM,
especially for large-scale computing.

Fig. 3. Comparison between the calculation results of SSOM and analytical solution: (a) Time histories of the pore pressure; (b) Time histories of the displacement.

Fig. 4. Stability analysis of SSOM: (a) Pore pressure time history at point C at different time increments; (b) Vertical displacement time history at point A at different
time increments.
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4. SSOM for solving the dynamic consolidation problem of
saturated porous semi-infinite foundation

4.1. Artificial VSB model of saturated porous semi-infinite foundation

As shown in Fig. 8, a cubic foundation block is taken from the in-
finite domain which forms an artificial boundary. The artificial
boundary has four sides and a bottom surface. The VSB is employed to
simulate the damping effect of the truncated portion.

The displacement wave and the pressure of pore water wave are
transmitted on the artificial boundary of the two-phase saturated
medium. We have found that the normal and tangential conditions on
the VSB of the displacement of the solid skeleton are similar to that of
single-phase solid medium [37]. Therefore, we will discuss in detail the
water pressure or flow boundary conditions in the normal direction
(vide infra).

4.2. Flow conditions of the normal viscoelastic boundary

It is assumed that the source of the scattered wave (in the system)
propagates towards the artificial boundary in the form of spherical
fluctuations. The radial displacement u 0r is due to symmetry pro-
blem. After ignoring the fluid acceleration and the soil skeleton accel-
eration, the continuous equation of seepage in the spherical coordinate
system is presented as:

Table 2
Calculation results by different time intervals loading end to 30s.

Time interval 0.003s 0.004s 0.005s 0.006s 0.008s Theoretical reference value

Pore pressure Calculated value (Pa) 107.60 73.22 49.80 33.85 15.61 81.47
Relative error (%) 32.07 10.13 38.88 58.45 80.84 0.00

Displacement Calculated value (mm) −0.75 −0.77 −0.78 −0.79 −0.80 −0.74
Relative error (%) 1.03 3.69 5.50 6.73 8.15 0.00

Fig. 5. Comparison between the calculation results of SSOM and IM at Point A, Point B and Point C, respectively: (a)The pore pressure; (b) The displacement.

Fig. 6. A numerical model to verify computational efficiency:(a) Dynamic loading model; (b) Finite element mesh (after loaded).

Table 3
Consuming time for different calculation methods loading end to 15s.

Method SSOM Implicit algorithm

Time interval 0.004s 0.004s 0.006s 0.008s
Consumed time 5 h 12min 11 h 52min 6 h 26min 5 h 08min
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= + +k p
r

u
r t r

u
t Q

p
t

2 1
f

r r
2

2

2

(9)

When the permeability coefficient kf is relatively small, taking
=k 0f , the error of this assumption is negligible [2]. Thus, Eq. (9) can

be expressed as:

= +p Q u
r

u
r

2r r
(10)

In the actual mid-low frequency of dynamics engineering, it is as-
sumed that the seepage process of pore water in saturated soil conforms
to Darcy's law. Accordingly, the boundary flow in saturated soil
medium is expressed as

=q k p
rr f (11)

If we introduce the displacement potential function =u r/r ,
substitute Eq. (10) of the pore water pressure into Eq. (11), then the
flow function becomes

= +q k Q
r r r r

2
r f

2

2 (12)

The spherical wave equation of a 3D saturated medium can be ex-
pressed by the potential function

= +
t

V
r r r

2
p

2

2
2

2

2 (13)

Fig. 7. Comparison between the calculation results of the implicit and explicit algorithm:Time histories of the pore pressure presented in the left column: (a) at point
A, (c) at Point B, and (e) at Point C; Displacement responses presented in the right column: (b) at point A, (d) at Point B, and (f) at Point C.
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Where = + +V µ Q( 2 )/p
2 . It is worth noting that the velocity of

the longitudinal wave is different from that of the single-phase solid
medium.

By combining Eq. (12) with (13), the boundary normal flow ex-
pression is obtained:

= =q
k Q
V t r

k Q
V

ür
f

p

f

p
r2

2

2 2 (14)

Thus, the normal pressure boundary condition of the artificial
boundary is converted into a flow boundary condition, and the
boundary normal flow is expressed by the deformation acceleration of
the soil skeleton. It can be seen from Eq. (14) that although the 3D wave
theory and the governing equation form are different from the 2D, the
flux boundary condition on the VSB has the same 2D expression [43].

4.3. Principle of virtual displacement for dynamic consolidation equations
with VSB

Since the scattering source is uncertain at a specific location near
the field, thus every point of the VSB is on the wave front at a certain
scattering point source. Based on the above reasons, the normal flow
boundary and the relation of skeleton displacement acceleration can be
approximated by Eq. (14), which is =q ün

k Q
V n

f

p2
.

After introducing the above VSBs, the 3D dynamic consolidation
control equations of saturated semi-infinite foundation can be written
in the form of virtual work, which is called the principle of virtual
displacement for dynamic consolidation equations, as follows:

+ + +p d u u d k p p d pd

Q
p pd

( ) ¨

1

ij ij ii i i f i i ii, ,

+ + = +

+

k u c u u d b u d T u d

pn u d q pd

( )bij
m

j bij
m

j i vs
m

i i i i

i i n

vs

p q vs (15)

In the above formula, the upper scripts: = ± ±m x y z, , , the lower
scripts: =i j k l, , , 1,2,3.Where =q ün

k Q
V n

f

p2
;

= =± ±k c
V

V
V

[ ]

0 0

0 0

0 0

[ ]
0 0

0 0
0 0

,b
x

E
r

G
r

G
r

b
x

p

s

s

2

2

2

b

b

b

= =± ±k c
V

V
V

[ ]

0 0

0 0

0 0

[ ]
0 0

0 0
0 0

,b
y

G
r

E
r

G
r

b
y

s

p

s

2

2

2

b

b

b

vs represents the VSB, c[ ]b and k[ ]b are the distribution submatrix of
the damping matrix C[ b] and the spring stiffness matrix K[ b] along the
artificial boundary, respectively. The subscript “b" indicates an artificial
boundary. E is the elastic modulus of the medium, G is the shear elastic
modulus, rb is the distance from the scattering source to the artificial
boundary, and is the density of the two-phase medium. The shear
wave velocity Vs is similar to that of the single phase solid medium,
i.e. =V G/s .

4.4. The effect of absorption energy of VSB

The numerical model in Fig. 6 is still employed to calculate the
dynamic response. The bottom surface and the four sides are bonded
with the artificial VSB. The time interval takes to be 0.004s and the
loading time 15s. For detailed implementation steps of SSOM with VSB,
one can seek in Appendix II.

Under the two boundary conditions of VSB and the fixed boundary,
the pore water pressure and the vertical displacement (in the Z-direc-
tion) cloud diagram after loading 15s are shown in Fig. 9 and Fig. 10,
respectively.

Comparing Fig. 9 with Fig. 10, it can be seen that the pore water
pressure and displacement distribution of the two boundary conditions
are different. Under the VSB condition, the deformation is closer to
reality due to the spring constraint imposed by the boundary, the
boundary damping causes the pore water pressure to dissipate more
quickly to the surrounding boundary, and the maximum pore pressure
in the central region is only 0.01185 Pa. Under fixed boundary condi-
tions, the displacement wave and the pressure wave are blocked by the
interception boundary of the infinite domain and cannot be outwardly
diffused. The deformation gradient is relatively large near the loading
surface. Except for the ground permeable, the pore water pressure is
difficult to diffuse in other directions.

To show the fluctuations in pore water pressure and displacement
more clearly, the pore water pressure and displacement time history of

Fig. 8. Artificial VSB model.

Fig. 9. The calculated results by SSOM with VSB:The cloud diagram of (a) the vertical displacement (m) in the Z-direction, and (b) pore pressure (Pa) on the
symmetrical section, respectively.
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Fig. 10. The calculated results by SSOM with fixed boundary:The cloud diagram of (a) the vertical displacement (m) in the Z-direction, and (b) pore pressure (Pa)on
the symmetrical section, respectively.

Fig. 11. Effect of absorption energy of VSB:Time histories of the pore pressure presented in the left column: (a) at point A, (c) at Point B, and (e) at Point C;
Displacement responses presented in the right column: (b) at point A, (d) at Point B, and (f) at Point C.
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points A, B and C in Fig. 6 are given in Fig. 11 and compared with the
corresponding calculation results with the fixed boundary in Section
3.3. It shows that both the pore water pressure (see Fig. 11 (a), (c) and
(e)) and the vertical displacement (see Fig. 11(b), (d) and (f)) of the
three representative points quickly tend to the stable solution after the
initial fluctuation by using the VSB, while there are some fluctuations in
the later stage when the boundary is fixed. Specially, at point B and
point C near a fixed boundary, the pressure of pore water and dis-
placement has a larger fluctuation about in the first 5 s, afterwards, the
fluctuation amplitude becomes smaller and tends to be stable.

Actually, we can see that the pore water pressures tend to be con-
sistent no matter what methods and boundary conditions we used. The
residues of the pore water pressure in different situations at 15s (See
Table 4) are negligible relative to the peak load (1000Pa).

For the displacement, the calculation results of both methods incline
to be consistent with fixed boundary condition, but the displacements
calculated by applying VSB become quite different (See Table 5). This is
due to the deformation caused by distributed springs on the VSB (See
Fig. 9(a)). After subtracting the displacements of corresponding points
on the bottom boundary of Point A, B, C from their absolute displace-
ments, the resulting relative displacements (SSOM + VSB-Bottom) are
almost the same as the other calculation results. Moreover, one can also
see that the rigid displacements of the boundary will not affect the
results of pore water pressure and foundation stress, since the resulting
pore water pressures are almost the same (See Fig. 11(a), (c), (e)).

According to the wave theory, the emission of pressure and dis-
placement waves at a fixed boundary causes oscillation of the pressure
of pore water and displacement. On the other hand, it can be seen that
the viscoelasticity of VSB absorbs the energy of the outgoing wave. VSB
model accurately simulates the damping effect of the far field ground.
The numerical analysis of VSB and fixed boundary leads us to the
conclusion that the proposed VSB model has a good absorption effect.
Consequently, it is proved that SSOM combined with VSB model can

simulate the dynamic consolidation process of saturated porous semi-
infinite foundation effectively and accurately.

5. Conclusions and remarks

In this paper, the splitting operator algorithm is investigated for
solving differential equations with multiple physical variables. Five
steps symmetrized splitting operator method for the dynamic con-
solidation equation of two-phase saturated medium u-p is proposed. The
splitting operator and variable decoupling are carried out to solve the
second order explicit for the u-p form of dynamic consolidation equa-
tions of the saturated porous medium. The numerical simulation of the
displacement and pore water pressure diffusion process agree well with
the theoretical results. Further numerical verification shows that the
proposed SSOM has good precision, stability, and higher computational
efficiency compared to implicit format calculations.

Numerical examples lead us to the conclusion that SSOM has a
significant advantage in solving the longtime consolidation problems
and the large-scale numerical simulation of dynamic consolidation.
Combing with the artificial viscous-spring boundary, the seismic re-
sponse of saturated porous soil structure and semi-infinite foundation
system can be solved effectively and accurately.
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Appendix I. Implicit scheme for dynamic consolidation equations

For the three-dimensional consolidation problem, denote by ×D6 6 the elastic matrix. Differential operator × ( )L , ,x x x
6 3

1 2 3
and the related

coefficient matrix are presented as

Table 4
Calculation results of the pore water pressure by the different methods loading end to 15s.

Methods & cases SSOM + B_Fixed (Pa) Implicit + B_Fixed (Pa) SSOM + VSB (Pa)

Point A 0.479 −1.286 0.004

Point B 0.483 1.252 0.001

Point C 0.471 1.557 0.000

Table 5
Calculation results of the displacements by the different methods loading end to 15s.

Methods & cases SSOM + B_Fixed (mm) Implicit + B_Fixed (mm) SSOM + VSB (mm) SSOM + VSB-Bottom (mm)

Point A −1.963E-1 −1.940E-1 −2.416E-1 −1.855E-01
Point B −4.347E-3 −3.786E-3 −3.241E-2 −5.470E-03
Point C −2.801E-3 −1.367E-3 −2.239E-2 −1.300E-03
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Denote the effective stress vectors and strain by
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Denote the volumetric strain of the solid skeleton by
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Rewrite Eq. (2) as a vector form:

+ + =
+ =

L p
k p m L p

m u b
u

( ) ¨ ,
0

T

T
f Q

T 1
(A1.1)

where = = LD D u,u and p is presented by the interpolation function Nuand Np, respectively. Then = =t Nu u u( ) u = =p p t N p( ) p , Eq. (A1.1) is
discretized as

+ + =
+ =

M K Jp F
Hp Sp J u F

u ud u
T

q (A1.2)

where =M N N du
T

u =K B BdDd
T =Q B N dmT

p =H N k N d( )p
T

f p , =J mN Bd( )T
p

T ， =S N N dp
T

Q u
1 =F N bu u

T

+d N Tdu
T , =F N q dq p

T
n

q

.

If the compressibility of the pore fluid (water) is neglected, the term p is thus eliminated ( =S 0). Afterwards, Eq. (A2) can be transformed to:

+ + =
+ =

M K Jp F
J Hp F

u u
u

d u
T

q (A1.3)

The forward difference is adopted for the velocity vectors u in the second equation above, while the Newmark's method is applied for the
acceleration vectors ü in the first equation. Eq. (A1.3) are then solved simultaneously. Note that the coefficient matrix of simultaneous Eq. (A1.3) is
still asymmetrical. Therefore, an asymmetrical solver must be used to solve this equations.
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Appendix II. Implementation steps of SSOM with VSB

Taking the boundary conditions into account, the detailed descriptions of each step to solve dynamic consolidation equation using SSOM (Eq. (8))
are displayed in an integral weak form as follows.

1) First give a time step t , initial values including =u t( 0)i =v t( 0)i , and =p t( 0);
2) Perform the following decomposition calculations in the time interval (tn, +t tn ):

(1) Compute the subsystem t( /2)u
1 :

Let + =( )u t u t( )i n
t

i n2 + =( )p t p t( )n
t

n2 , obtain +( )v ti n
t

2 by Eq.(A2.1):

+ = +v t t u d v t u d t t d t b u d
2

( )
2

( )
2i n i i n i ij n ij i i

+ +t T u d t k u t c v t u d
2 2

[ ( ) ( )]i i bij
m

j n bij
m

j n i vs
m

vs (A2.1)

(2) Compute the subsystem t( /2)v
2 :

Update + = + +( ) ( )u t u t v t( )i n
t

i n
t

i n
t

2 2 2 , and yield +( )p tn
t

2 by Eq. (A2.2):

+ = + + +p t t pd p t t pd t Q t t pd
2

( /2)
2 2n n ii n

(A2.2)

(3) Compute the subsystem t( )p
3 :

Obtain +v t t( ) by Eq. (A2.3)i n , and +p t t( ) by Eq. (A2.4)n , respectively

+ = + +v t t u d v t t u d t p t t d( )
2 2i n i i n i n ii

+t p t t n u d
2n i i

(A2.3)

+ = +p t t pd p t t pd tk Q p p d tQ q pd( )
2n n f i i n, ,

vsq (A2.4)

On the artificial VSB, = = +q vn
k Q
V n

k Q
V

v t t v t
t

( ) ( )f

p

f

p2 2 .

(4) Compute the subsystem t( /2)v
4 :

Yield + = + + +( )u t t u t v t t( ) ( )i n i n
t t

i n2 2 , and update +p t t( )n by Eq. (A2.5):

+ = + + +p t t pd p t t pd t Q t t pd( ) ( )
2

( )n n ii n
(A2.5)

(5) Compute the subsystem t( /2)u
5 :

Update +v t t( ) by Eq. (A2.6)i n :

+ = + + +

+ + + +

v t t u d v t t u d t t d b u d

T u d k u t t c v t t u d

( ) ( ) ( )

[ ( ) ( )]

i n i i n i
t

ij n ij
t

i i

t
i i

t
bij
m

j n bij
m

j n i vs
m

2 2

2 2
vs (A2.6)

3) Repeat Step 2), continue the computation of the next load step until the loading end.
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